This research concerns the modeling of the cooperative transportation system using multiple quad-rotor UAVs. Due to the advantages of the quad-rotor UAVs, such as the capability of hovering and the simpler control logic implementation, they are selected as the main platforms for the transportation system. This paper first describes the modeling and control strategies of the quad-rotor UAVs in order to give a brief explanation of the main platform. Among the existing methodologies on the UAV cooperative transportation, the technique used in this research to model the system is the slung-load system using Udwadia-Kalaba equation (UKE). UKE is applied in order to deal with various constraint forces existing in the system, since the slung-load system is equipped with a number of inelastic cables to carry a payload. Since the modeling of movements of the cable is also important when the constrained forces are not present, the logic of tightening and slackening of the wires is also included in the system model. Stability analysis and controller design of such model are also performed. Finally, with the finally derived system model based on UKE, a number of numerical simulations are carried out in order to verify the slung-load transportation system model.
Introduction
Recently, numerous researches on small unmanned aerial vehicles (UAVs) are conducted, and their practical usages are various these days. Among those small unmanned aerial vehicles, quad-rotor UAVs are considered as one of the most famous and popular platform that are preferred and used in many military and civilian missions. The advantages of the quad-rotor are its hovering capability and the simple control logic implementation. In order to model such quad-rotor UAVs, a precise modeling and a controller design process are necessary as they were performed by Lee et al. [1] . Once the modeling process of quad-rotor is complete, the modeled quad-rotor can now be used in various missions.
Transportation of a payload is one of the missions that can either be thought as a military or a civilian mission.
Nowadays, since the needs for the transporting a payload with UAVs are increasing, a number of related researches are carried out as well. In [2] , Stuckey et al. conducted the mathematical modeling of the helicopter slung load system with a helicopter and a payload. Bisgaard et al. have derived the equations of the motion for the transportation system with helicopters using the UdwadiaKalaba equation (UKE) [3] [4] . Palunko et al., in [5] , have used the dynamic programming approach to generate the trajectories for the system of a quad-rotor with a suspended payload. In [6] [7] , the autonomous transportation system with helicopters is developed by Bernard et al., and the system was applied in the rescue missions. In [8] , Oh et al. applied UKE to obtain the transportation system model, and the research also discusses the procedure for the slung-load transportation by multiple UAVs. Taking those previous researches as references, this research mainly deals with the modeling of the cooperative transportation system derived by the UKE based constrained dynamics with multiple quadrotor UAVs. The slung-load transportation system modeling is derived as in [3] [4] , but this research extended further by implementing an additional UAV to make it a cooperative transportation system. In order to make it more practical, tightening and slackening behaviours of the wires are also applied in the modeling process.
This paper is broken down as follows. First of all, the main platform of the whole system, the quad-rotor UAV, is introduced as well as its configuration and the control system. In the following section, the modeling process of the entire slung-load transportation system derived by constrained dynamics is carried out. Once the modeling is complete, the following section covers the stability analysis and the controller design procedures. Then, in the next section, the numerical simulation results are shown to verify the system modeling as well as the controller performances.
Modeling of the Platform

Quad-Rotor Modeling
Modeling process of the quad-rotor UAV is conducted base on [1] . The quad-rotor model is derived using the conventional 6-degree of freedom (6-DOF) rigid body equations of motion. The configuration of the system is shown in Figure 1 . As the platform is depicted in Figure 1 , rotors 1 and 3 rotate in clockwise whereas rotors 2 and 4 rotate in counter-clockwise. The location of rotor 1 among the other rotors represents the forward direction of the platform, so it is designated as positive x direction of the body frame. Likewise, the direction of rotor 2 is set as positive y direction, and downward is positive z direction of the body frame. Figure 1 . Configuration of the Quad-rotor UAV Body forces and moments from those rotors can be obtained with the following force and torque equations.
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where d and r I represent the distance from the system's center of gravity to the each rotor axis and rotor's rotational inertia, respectively. Also in equation (4), p and q mean body roll and pitch rates, respectively.
Quad-Rotor Control Allocation
Control system of the quad-rotor is designed with a proper control allocation, and such allocation of the quad-rotor UAV is represented with the following equations. 
Quad-Rotor Control Structure
The control structure of the quad-rotor is divided into two major parts, which are the attitude control and the position control. First, attitude control of the vehicle is done as shown in the following figure. 
Modeling of the Slung-Load System
Although dynamics of the transportation system can be obtained using several different methodologies as mentioned in introduction, the main approach used in this research is UKE based constrained dynamics modeling as derived in [3] [4] . The advantage of implementing such method is that it is simpler to apply than other method such as Newtonian equations. The UKE is a new method, which has a new perspective on constrained systems [9] . It is based on the principle of least constraint by Gauss allowing an explicit equation derivation for the dynamics. Since the slung-load transportation system is considered as constrained system, applying the UKE is highly recommended to derive the system dynamics. This chapter mostly deals with the modeling process of the cooperative slung-load system.
Constrained Dynamics using UKE
This section deals with the derivation process of the constrained dynamics using UKE, which are applied to the overall slung-load transportation system. According to the literature regarding the new perspective on constrained system, which is suggested by Udwadia and Kalaba [9] , an unconstrained Newtonian equation is obtained as follows.
where
mean the positive definite mass matrix, system's unconstrained generalized coordinates, and total generalized forces acting on the system, respectively. Then, with an assumption that the system is subject to m constraints, which restrict the motion of the system, the following holonomic or nonholonomic constraint equations are derived according to Bisgaard et al. in [3] [4] .
( , ) 0, or ( , , ) 0 t t = =  g q g(7) where g and n ∈  q represent the constraints and constrained generalized coordinates, respectively. First equation in equation (7) denotes holonomic constraints, which are position dependent, whereas second equation represents nonholonomic constraints, which are position and velocity dependent. Then, the constraints are differentiated twice to yield the constraint equation as follows. (9), c Q can be obtained by using the UKE in [9] , and it is rearranged and expressed as
where the + sign denotes the Moore-Penrose pseudoinverse. By substituting (10) into (9) and rearranging, the final constrained system dynamic equation is obtained as follows.
Equation (11) means that the total constrained acceleration is the sum of the unconstrained acceleration and the constrained acceleration, which, in this case, are the tensile accelerations from the wires.
Cooperative Slung-Load Dynamics Modeling
With the aid of the UKE equation, the mathematical modeling of the cooperative slung-load dynamics system is able to be derived. First of all, the system used in this research is described in the following figure. As it is shown in figure 4 , two quad-rotors are holding up a box shaped payload, with 4 wires total. A set of two wires is to be fixed to a certain position in each quad-rotor to lift up the payload. The set of wires, however, has different attaching points on the payload, as displayed in figure 4 .
In order to mathematically model the system, a slight modification and extension from the work by Bisgaard et al. in [3] [4] are necessary even though the basic governing equations used in this research and [3] [4] are both UKE based. Figure 4 can now be described as the following diagram. 
In equation (12) 
where ji l is the nominal length of the wires, which are not extensible. To obtain the similar expression as (8), the constraint equation needs to be differentiated twice to yield
In equation (14), ji  L and ji  L are obtained by calculating for the first and second derivatives of (12), and they are expressed as in equations (15) 
Now, first and second derivative of DCMs should be taken care of, and they can be obtained by using the relationship in [4] . Substituting dot terms of DCMs from [4] into (15) 
Now, ji A is defined as follows to complete the equation in (8).
where zero vectors in equation (21) have the role of canceling the constraint terms that are irrelevant to vehicle j for wire i . For example, in this research, quadrotor 1 is hooked up with wires 1 and 2, whereas quadrotor 2 is equipped with wires 3 and 4. Then, for wires 1 and 2, constraint terms for the quad-rotor 2 are not necessary and are cancelled from the constraint equation, and the same logic is applied to wires 3 and 4.
A matrix in equation (8) is the augmented matrix with the number of ji A matrices from equation (21). In this paper, A matrix is composed as the following form. By the way, system state for this paper is defined as follows.
where R and θ represent global positions and Euler angles of the vehicles and the payload. Unconstrained accelerations for this system is defined as below.
In (25), a and α represent body linear and angular accelerations for the vehicles and the payload. Substituting expressions from equations (22), (23), and (25) into equation (8) completes the modeling of the cooperative slung-load transportation system.
Implementation of the Wire Behaviour Logic
There are several exceptional cases where the modeled system is partly not available. One good example is the case when the system is not exerted with the full tensile forces of the wire. It could happen when one or more than one wire is not taut. Therefore, for more practical and precise system modeling, slacking and tightening behaviours of the wires need to be included in the system model. As the original idea is suggested in [4] , wire slacking and tightening behaviours can be detected and implemented with the following logic in the figure. First, slacking behaviour of the wire is interpreted as that there is no constraint force existing in the wire. Since it is very difficult and unimportant to estimate the shape of the wire when it is slackening, the shape of the wire is not considered in this research. The important factor is how to determine whether the wire is in slackening mode. In order to do such task, there are several steps to follow. First of all, the total constraint forces are to be calculated as below.
( ) (26) and (27), the instantaneous constraint force on each wire can be calculated as follows.
Now, it is able to determine whether the wire is slackening. If the value of iwji Q comes out to be negative, then it means the wire is compressing, and in other words, it is slackening. Also, to determine whether the wire is in tension, observing the norm of the wire vector, ji L , makes it possible. If ji L is greater or equal to the nominal length of the wire, ji l , then the logic recognizes that the wire is in tension, and otherwise it is in compression. Figure 6 briefly describes the whole concept of the wire behaviour logic. When a wire is in tension (tightening), then the constraint equation in (8) is totally available. However, when the wire is in compressing (slackening) mode, then for that moment, ji A and ji b become zero for that specific wire.
Control of the Slung Load System
In this section, control of the system is discussed. In order to operate the cooperative slung-load system, proper control logic should be implemented for its practical use.
Trim and Linearization of the System Model
In order to design a controller, acquisition of a linear model of the system is necessary. To obtain the linear model, the first step is to calculate for its equilibrium point called trim point. For this research, trim condition for the system is the hovering condition, which is the condition of the system staying afloat without any external forces involved but thrusts from the rotors. Trim result is obtained from 'trim' function of MATLAB, and it is to calculate the equilibrium values of the following trimmed state, trim q , and trimmed input, trim u . 
With the above trim results, using 'linmod' function of MATLAB allows to obtain the linear model of the system, which are . By checking the Eigenvalues of sys A , all the poles were either located on the left half plane or located on the imaginary axis of the of the s-plane, which indicates the system is marginally stable. Along with the linear dynamics of the system, it is now able to design the controller for the entire slung-load transportation system.
Control Structure and Controller Design
The control structure for the entire system is composed as the following figure. Figure 7 . Control Structure of the System As it is observed from figure 7, the overall control structure of the system is almost in the same structure as that of the Quad-rotor UAV in figure 3 . Since there are multiple UAVs, the system is required to generate a multiple sets of control gains. Position and attitude controller structures for the system also follow the structure in figure 3 . Each channel of the position and attitude control structures is assumed as a second order system for the controller design process. Then, by applying the pole placement approach along with a proper set of damping ratios and frequencies, the control gains for the system are obtained. Since the Quad-rotors used in this system are homogeneous, identical control gains are applied to each Quad-rotor. Designed controllers are applied and used in the simulations, and the control gains are listed in the following table. 
Simulation Results
Simulation Parameters
Simulation parameters used in the simulation is listed in table 2. Simulation parameters are obtained from the specification of real world Quad-rotor UAVs and a boxtype payload. 
Acceleration Input Simulation
In order to show the model is working properly, several direct acceleration commands are given as the input of the system. Following linear and angular acceleration commands are given depending on the simulation time. It is obvious that the payload is subject to oscillations as it is shown in figures 11 and 12. Such oscillatory behaviour is to be controlled with the attitude and position control logics, and the results are shown in the following subsections.
Attitude Tracking Simulation
The model is now combined with the designed attitude controller to evaluate the attitude tracking performance. Attitude simulation is very important since the attitude control performance will significantly affect the results for the position tracking simulation. Following attitude commands are given with respect to time. Simulation is conducted for 20 seconds, and figure 13 describes the trajectory of the system. Also, following figure depicts the responses and commands with respect to time for each attitude channel of the Quad-rotor. Since identical commands were given for both UAVs, only one of the results is shown in here. By observing the tracking behaviours in figure 14, attitude tracking performances for the Quad-rotors are decent. Hence, it implies that such attitude controller is now able be used as the inner loop of the position control loop.
Position Tracking Simulation
Along with the attitude controller, the system is now augmented with the position controller to evaluate the position tracking performance. Position commands with respect to time are given as follows. Likewise, identical position deviation commands were given for both UAVs. In the position tracking simulation, the movement of the payload should be in concern since a safe delivery to the destination is the ultimate goal of the mission. Figure 15 depicts the trajectory of the system's movement, and it is clearly seen that the Quad-rotors and the payload is well delivered to the designated points. Following plots indicate the position responses of the UAV and the payload. In figure 17, it can be observed that the movement of the payload is now well controlled as opposed to the payload behaviour in figure 12 . This means that the system with the designed controller is able to deliver the payload without severe oscillations, and finally, it concludes that the modeling and controller design of the cooperative slung-load system is successfully performed.
Conclusion
In this research, modeling of the Quad-rotor UAVs and the cooperative slung-load transportation system is conducted based on UKE. Implementing UKE in the slung-load modeling process allows deriving the constrained system in a more efficient way. Also, application of the wire slackening and tightening logics has increased the fidelity of the system model. In addition, the controller for the system model is designed in order for the UAVs to deliver the payload to a designated position, which is the ultimate objective of this research. After the modeling process, several numerical simulations were performed to verify the performance of the cooperative slung-load transportation system. For the future studies, to further increase the system's fidelity, the system will be subject to several aerodynamics forces, which would induce extra forces and moments, so that the behaviour of the model will be more realistic. Also, a proper guidance logic for the system will be developed in order to cover the situations where various system orientation changes are required. Finally, cooperative slung-load transportation experiments will be conducted to compare with the simulation results.
